The effect of a change of gauge on the propagators is studied systematically for quantum electrodynamics. Various gauges are considered, among them the Coulomb, the Landau, the Feynman, and the Yennie gauges. The equivalence of the various formulations of the theory is demonstrated. For the relativistic gauges, the transformation of the wave function renormalization constant is .
INTRODUCTION UCRL-8896
The propagators of quantum electrodynamics are affected by ambiguities because the theory is invariant under gauge transformations. In this note we shall investigate systematically this ambiguity of the (unrenormalized) propagators and shall give the connection between the various gauges.
We use the Heisenberg equations of motion in the Coulomb gauge. In this gauge the longitudinal part of the magnetic vector potential is a c-number.
The relativistic covariance of this formulation of the theory (briefly discussed in Appendix B) has been known for a long time. It is also known that the relativistic S-matrix theory of Feynman can be derived directly in the Coulomb gauge. In this note we show how the propagators in other gauges (including the relativistic ones) are connected to those in the Coulomb gauge. It is therefore clear that the Heisenberg equations in the Coulomb gauge provide a complete basis for quantum electrodynamics. The present formulation has the desirable feature that only physical states are considered, no supplementary 1 condition and no indefinite product in Hilbert space are necessary.
The study of the gauge transformation of the propagators becomes particularly s,imple and elegant if one employs the method of functional 2 derivatives. This method, which has been largely used by Schwinger, makes use of a generating functional (which we call Z) from which all propagators can be obtained by functional differentiation. The gauge ambiguity of the UCRL-8896 -3- propagators will be shown here to arise from the gauge ambiguity in the functional Z itself. In previous work this ambiguity has been ignored to a large extent, with a consequent lack of clarity concerning the meaning of the operations to be performed, as for instance the differentiations with respect to the external sources.
The Heisenberg equations in the Coulomb gauge depend upon a c-number gauge function A • As shown in Section 2, a change in the gauge function induces a gauge transformation in the generating functional z. We 
A_tr = _ Etr (
so that
If we set
we can write
The set of equations presented above is invariant under the c-number gauge transformation:
The choice A = 0 would fix the gauge (transverse Coulomb gauge). However, it is convenient to leave the gauge function arbitrary and to use the gauge transformation to define those operators that are gauge-invariant.
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The operator condition (7) is consistent with the commutation relation (3).
It is known that the formulation of quantum electrodynamics given above is relativistically covariant, in spite of the apparent asymmetry between space and time variables. The covariance is proven directly in Appendix B. An alternative proof results from the investigation carried out in Section 3 of the covariance of the equations for the propagators.
We consider now the generating functional 
where the right-hand side refers to the value A = 0. This relation can be cast into the differential form
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THE FUNCTIONAL EQUATIONS AND THEIR TRANSFORMATION PROPERTIES
Using the definition (18), the equations for the Heisenberg operators and the commutation relations, one can show that the generating functional satisfies the functional differential equations:
Equation ( 
The different choices of a give rise to different functionals' Z which are We show in the following that the corresponding change in Z can be written as ,.
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in this case,
where we have defined
One should observe here that we have 
and (54) Similarly, for the electron propagator, we obtain
and, using Eqs. (46) and (52), the result in finite form, 
As seen in Eq. (54), the gauge transformations considered in this section Consider the electron propagator in an external field B '
The vacuum polarization (closed loops) due to the external field can be expressed by the functional It can also be verified, by direct evaluation, that 
